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Bower and Ortiz, recently followed by Lazarus, developed a powerful method, based on a theoretical work of Rice,
for numerical simulation of planar propagation paths of mode 1 cracks in inﬁnite isotropic elastic bodies. The eﬃciency
of this method arose from the need for the sole 1D meshing of the crack front. This paper presents an extension of
Rices theoretical work and the associated numerical scheme to mixed-mode (2 + 3) shear loadings. Propagation is sup-
posed to be channeled along some weak planar layer and to remain therefore coplanar, as in the case of a geological
fault for instance. The capabilities of the method are illustrated by computing the propagation paths of cracks with
various initial contours (circular, elliptic, rectangular, heart-shaped) in both fatigue and brittle fracture. The crack
quickly reaches a stable, almost elliptic shape in all cases. An approximate but accurate analytic formula for the ratio
of the axes of this stable shape is derived.
 2005 Elsevier Ltd. All rights reserved.
Keywords: 3D fracture mechanics; Coplanar crack propagation paths; Mode 2 + 3; Brittle fracture; Fatigue; Stable shape; Perturb-
ation method; Weight functions1. Introduction
There are several more or less eﬃcient methods for numerical simulation of propagation paths of
3D cracks in elastic media. The most classical and general one is the ﬁnite element method (FEM). A0020-7683/$ - see front matter  2005 Elsevier Ltd. All rights reserved.
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2092 E. Favier et al. / International Journal of Solids and Structures 43 (2006) 2091–2109non-trivial example involving a complex, non-planar crack shape is provided in the work of Xu et al.
(1994). But the FEM requires meshing the whole 3D cracked body at each step of the crack propagation,
and it is diﬃcult to do this automatically. A recent and eﬃcient variant of the FEM consists of coupling the
level set method and the extended ﬁnite element method (XFEM); see for instance, Sukumar et al. (2003),
Moes et al. (2002), Gravouil et al. (2002).
The sole meshing of the initial geometry is then required. Another alternative consists of using the
boundary element method (BEM), which requires only 2D meshing of the crack surface and the outer
boundary. Several examples of such an approach are provided in Chapter 5 of Bonnet (1994)s book. Meth-
ods based on integral equations are especially attractive for inﬁnite bodies since the sole meshing of the
crack surface is then necessary; see for instance the examples provided by Fares (1989) and Xu and Ortiz
(1993). If, in addition, the crack propagates along a plane, compelling methods requiring the sole 1D mesh-
ing of the crack front are envisageable. Using an earlier theoretical work of Rice (1989) and Bower and
Ortiz (1990, 1991, 1993) proposed such an approach and applied it to various problems of practical interest.
Lazarus (2003) later deﬁned a simpliﬁed variant of this method which resulted in no signiﬁcant loss of
numerical accuracy.
More speciﬁcally, the basis of Bower and Ortiz method and Lazarus variant was Bueckner–Rices
weight function theory. The 2D version of this theory was expounded by Bueckner (1970) and Rice
(1972), and its extension to the 3D case by Rice (1972) (in the appendix of this reference) and Bueckner
(1973). It was applied by Rice (1989) to planar cracks with arbitrary contours loaded in mode 1. The theory
yielded, to ﬁrst order, the variation of the mode 1 stress intensity factor (SIF) along the crack front arising
from some small but otherwise arbitrary coplanar perturbation of this front, under conditions of constant
prescribed loading. This variation was expressed as a line integral over the unperturbed front which in-
volved, in addition to the perturbation, some geometry-dependent ‘‘kernel’’ linked to the mode 1 weight
function. The theory also provided the variation of this kernel, again to ﬁrst order, in a similar form. Bower
and Ortiz (1990, 1991, 1993)s method consisted of applying Rices two formulae to some sequence of small
perturbations of the front resulting in arbitrary deformation of its initial shape. They applied it to the study
of the propagation paths of semi-inﬁnite tensile cracks in heterogeneous media, in both fatigue and brittle
fracture.
In Lazarus (2003)s variant, the numerical procedure was greatly simpliﬁed by using linear instead of
quadratic elements, calculating the crack advance and the various integrals at the same discretization
points instead of distinguishing between nodes and collocation points, etc. Validation tests based on
numerical calculation of SIFs for crack geometries for which some analytical solution existed showed that
such simpliﬁcations did not aﬀect the overall numerical accuracy. In fact, the only point that was found to
really require special care was accurate evaluation of some integrals in principal value. Also, Lazarus re-
placed the Irwin–Griﬃth propagation law for brittle fracture used by Bower and Ortiz by that of Paris.
Nothing was lost by doing so since as noted by Lazarus, in addition to being a good propagation law for
fatigue, Paris law ‘‘simulates’’ Irwin–Griﬃths law in the limit of very large Paris exponent. The advan-
tage of using Paris law was that the crack advance at all time steps and discretization points was directly
provided by some explicit formula. In contrast, deducing the crack advance at the discretization points
from the Irwin–Griﬃth criterion, as was done by Bower and Ortiz, was more diﬃcult in two respects.
First, iterations were required to determine the ‘‘active’’ part of the front, that is that portion which eﬀec-
tively propagates at the instant considered. Second, for each iteration, it was necessary to solve a large
system of linear equations on the unknown values of the crack front advance at the discretization points
of this active part. Lazarus applied her method to the study of the propagation paths, in fatigue and brit-
tle fracture, of initially elliptic, rectangular and heart-shaped cracks loaded through some uniform remote
tensile stress. She found that for all of these initial conﬁgurations, the crack quickly reached a stable,
circular shape.
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paper is to extend Lazarus method to mixed-mode (2 + 3) loadings, and to illustrate it through several
examples of simulation of propagation of shear mode cracks with simple initial shapes, in both fatigue
and brittle fracture. Propagation will be assumed to be coplanar; this is reasonable provided that the crack
is channeled along a weak planar layer, which is the case, for instance, for a geological fault.
The ﬁrst step consists of extending Rice (1989)s results to planar cracks with arbitrary contour loaded in
mode 2 + 3. This is done in Section 2. Our starting point here is Rice (1985)s general formula (applicable to
all modes) for the ﬁrst-order variation of the displacement discontinuity across the crack plane resulting
from some small coplanar advance of the front, under conditions of constant prescribed loading. The
ﬁrst-order variation of the SIFs is deduced from there by letting the observation point of this discontinuity
tend toward the crack front. The treatment here extends both that of Rice (1989), which applied to planar
mode 1 cracks with arbitrary contour, and those of Gao and Rice (1986) and Gao (1988), which applied to
planar shear mode cracks with straight or circular contour. The ﬁrst-order variation of the relevant kernels
is also derived in a similar way, using their relation to the weight functions. Section 3 then brieﬂy presents
the extension of Lazarus (2003)s numerical method to shear loadings. This extension is straightforward in
principle, but the extended method is notably heavier than the original one for mode 1, because of the inev-
itable coupling of modes 2 and 3. Section 4 expounds validation tests based on numerical calculation of the
distribution of SIFs along the front of elliptic cracks loaded in shear. Finally, Section 5 presents applica-
tions in the form of computation of planar propagation paths of shear mode cracks with simple (circular,
elliptic, rectangular and heart-shaped) initial contours, in fatigue and brittle fracture. It is found that the
crack front quickly reaches some stable, almost elliptic shape in all cases. An approximate but accurate ana-
lytic formula for the ratio of the axes of this stable shape is derived.2. Extension of Rices formulae to modes 2 and 3
2.1. Deﬁnitions and notations—Elementary properties of weight functions
2.1.1. Stress intensity factors
Consider a plane crack of arbitrary shape embedded in some inﬁnite isotropic elastic medium subjected
to some arbitrary loading (Fig. 1). LetF denote the crack front and s some curvilinear abscissa along it. At
each point s of F, deﬁne a local basis of vectors ð~e1ðsÞ;~e2ðsÞ;~e3ðsÞÞ in the following way:
(1) ~e3ðsÞ is tangent to F and oriented in the same direction as the curvilinear abscissa s;
(2) ~e2ðsÞ is in the crack plane, orthogonal to F and oriented in the direction of propagation;Fig. 1. Notations for a planar crack with arbitrary contour.
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direct.1
The SIFs Kj(s), j = 1,2,3 at point s are then deﬁned by the following formula, where Einsteins summa-
tion convention is employed:1 Th
labelle
variati
2 Alim
r!0
ﬃﬃﬃﬃﬃ
2p
r
r
s~uðs; rÞt  8KijKjðsÞ~eiðsÞ ð1ÞIn this expression s~uðs; rÞt denotes the displacement discontinuity across the crack plane, oriented by the
vector ~e1, at the distance r behind the point s of F, in the direction of the vector ~e2ðsÞ. Also,
(Kij)16i63,16j63  K is the diagonal matrix deﬁned byK  1
E
1 m2 0 0
0 1 m2 0
0 0 1þ m
0
B@
1
CA ð2Þwhere E denotes Youngs modulus and m, Poissons ratio.2
2.1.2. Crack face weight functions and fundamental kernels
Let kijðF; s0; s; rÞ denote the ith SIF at the point s 0 of the crack front F resulting from application of a
pair of opposite unit point forces equal to ~ejðsÞ on the upper (+) and lower () crack surfaces at a dis-
tance r behind the point s of the crack front. These nine scalar functions are called the crack face weight
functions (CFWFs).
The functions kijðF; s0; s; rÞ=
ﬃﬃ
r
p
are known to have a well-deﬁned limit for r! 0 (see for instance,
Leblond et al. (1999)). We then deﬁne the matrix (Wij(s
0, s))16i63,16j63 W(s 0, s) by the formulaW ijðs0; sÞ  p
ﬃﬃﬃ
p
2
r
D2ðs; s0Þ lim
r!0
kijðF; s0; s; rÞﬃﬃ
r
p ð3Þwhere D(s, s 0) denotes the cartesian distance between points s and s 0. The functions Wij(s 0, s) in fact depend
on the crack front shape, just like the CFWFs, but the argument F is omitted here for conciseness. They
will be called the fundamental kernels or more shortly the kernels.
The CFWFs are positively homogeneous of degree 3/2; that is, if all distances are multiplied by some
positive factor k, the CFWFs are multiplied by k3/2. The deﬁnition (3) of the functions Wij(s 0, s) then im-
plies that they are positively homogeneous of degree 0.
Since tensile and shear problems are uncoupled for a planar crack in an inﬁnite body, whatever the shape
of the crack front, the components k12, k13, k21 and k31 of the CFWFs are zero, so that by Eq. (3):W 12ðs0; sÞ  W 13ðs0; sÞ  W 21ðs0; sÞ  W 31ðs0; sÞ  0. ð4Þ
Finally, considering two problems, one with point forces equal to ~ei exerted on the crack faces at (s, r) and
one with point forces equal to ~ej exerted on the crack faces at (s 0, r 0), applying Bettis theorem, and using
Eqs. (1) and (3), one sees that the kernels obey the following ‘‘symmetry’’ property:KimW mjðs; s0Þ ¼ KjmW miðs0; sÞ ð5Þis choice diﬀers from the usual one but coincides with that made by Rice (1989). Its advantage is that the basis vectors are
d to agree with mode number designations for the SIFs, and this simpliﬁes the reasoning below leading to the expressions of the
ons of these SIFs when the crack front is perturbed.
similar formula holds for an arbitrary anisotropic medium but the matrix K is then no longer diagonal.
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Let us now assume that the crack advances, under constant loading, by a small distance da(s) within its
plane in the direction perpendicular to its front. The variation of the displacement discontinuity ds~uðs0; rÞt
at point (s0, r) is given, to ﬁrst order in the perturbation, by the following formula Rice (1985):3 Inds~uðs0; rÞt ¼ 2Kjm~eiðs0Þ
Z
F
kjiðF; s; s0; rÞKmðsÞdaðsÞds. ð6ÞThe variations of the SIFs will be obtained from there by taking the limit r! 0 in this expression, using
their relation to the variation of the displacement discontinuity. In fact, the formula for dK1(s0) was given
by Rice (1989) for a planar crack with arbitrary contour, and those for dK2(s0) and d K3(s0), which are of
more interest here, by Leblond et al. (1999) for arbitrary, not necessarily planar initial crack geometries,
and arbitrary, even possibly kinked, small crack extensions. (Leblond et al. (1999)s formula in fact ex-
tended previous formulae of Gao and Rice (1986) and Gao (1988) which applied to planar shear mode
cracks with coplanar extension and straight or circular contour.) However we shall re-derive Leblond
et al. (1999)s formulae here, for two reasons.
(1) The hypothesis of coplanar crack extension makes it possible to greatly simplify Leblond et al.
(1999)s intricate reasoning. Presenting the simple3 reasoning proposed below oﬀers the advantage
that the paper is self-contained at little additional cost.
(2) It will also be necessary to calculate the variations of the kernels since these kernels appear in the for-
mulae for the variations of the SIFs. The derivation of these additional formulae will use a similar,
albeit somewhat more complex reasoning, based on the fact that the kernels are related to the CFWFs
and thus to some SIFs generated by special loadings. The presentation of the derivation of the for-
mulae for the variations of the SIFs will serve as a useful introduction there.
The formulae for dW22(s0, s1), dW33(s0, s1), dW23(s0, s1) and dW32(s0, s1) provided below are new. In con-
trast, it has already been mentioned in Section 1 that the formula for dW11(s0, s1) was provided by Rice
(1989). We shall however re-derive it at no additional cost, since the reasoning presented below applies
indiﬀerently to all modes.
2.3. Variation of the stress intensity factors
In a ﬁrst step, we assume that da is zero at that point s0 where the dKi are to be evaluated (Fig. 2). The
basis ð~e1ðs0Þ ~e1;~e2ðs0Þ;~e3ðs0ÞÞ ‘‘adapted’’ to the perturbed crack front at this point is obtained, to ﬁrst
order in the perturbation, through rotation of the old one ð~e1ðs0Þ ~e1;~e2ðs0Þ;~e3ðs0ÞÞ by an angle dda(s0)/
ds  da 0(s0) about the vector ~e1. Hence~ei ðs0Þ ¼~eiðs0Þ þ da0ðs0Þ~e1 ~eiðs0Þ ð7Þ
where the symbol · denotes the vector product. (Note that since the basis ð~e1;~e2ðs0Þ;~e3ðs0ÞÞ is left-handed,
~e1 ~e2ðs0Þ ¼ ~e3ðs0Þ and~e1 ~e3ðs0Þ ¼~e2ðs0Þ).
Let s~uðs0; rÞt denote the displacement discontinuity across the crack plane in the perturbed crack con-
ﬁguration, at a small distance r behind the point s0 in the direction of the vector ~e2ðs0Þ (Fig. 2). By Eq. (1),lim
r!0
ﬃﬃﬃﬃﬃ
2p
r
r
s~uðs0; rÞt ¼ 8Kij½Kjðs0Þ þ dKjðs0Þ~ei ðs0Þ ð8Þprinciple, less so in details.
Fig. 2. Motion of the crack front around the immobile point s0.
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where s~uðs0; rÞt is the displacement discontinuity in the perturbed crack conﬁguration at a distance r be-
hind the point s0 in the direction of the vector ~e2ðs0Þ, not ~e2ðs0Þ (Fig. 2). However the vector ~e2ðs0Þ here
may be replaced by ~e2ðs0Þ because the resulting displacement of the observation point is of second order in
the perturbation, as is obvious from Fig. 2. Using Eqs. (7) and (8), one then getslim
r!0
ﬃﬃﬃﬃﬃ
2p
r
r
ds~uðs0; rÞt ¼ 8 KijdKjðs0Þ þ e1ijKjmKmðs0Þda0ðs0Þ
 
~eiðs0Þ ð10Þwhere the eijm denote the permutation symbols.
4
We shall now use Eq. (6) in the limit r! 0. It is shown in Appendix A that in this limit, the asymptotic
behaviour of the integrals in the right-hand side is given by the following formula:ﬃﬃﬃﬃﬃ
2p
p
4
lim
r!0
1ﬃﬃ
r
p
Z
F
kjiðF; s; s0; rÞKmðsÞdaðsÞds
¼ m
2 m ðdj2di3 þ dj3di2ÞKmðs0Þda
0ðs0Þ þ 1
2p
PV
Z
F
W jiðs; s0Þ
D2ðs0; sÞ
KmðsÞdaðsÞds ð11Þwhere the dij denote Kroneckers symbols and the integral in the right-hand side is to be understood as a
Cauchy principal value (PV). Dividing then Eq. (6) by
ﬃﬃ
r
p
and taking the limit r! 0 using Eqs. (10) and
(11), one obtains after some algebraic manipulations the following formula:dKðs0Þ ¼ N  Kðs0Þda0ðs0Þ þ 1
2p
PV
Z
F
Wðs0; sÞ
D2ðs0; sÞ
 KðsÞdaðsÞds ð12ÞThe quantities K(s)  (Ki (s))16i63 and dK(s)  (dKi (s))16i63 here are the column vectors of initial SIFs and
variations of these SIFs, and N  (Nij)16i63,16j63 is the matrix deﬁned by= 0 if two indices are equal, 1 if {i, j,m} is a positive permutation of {1,2,3}, 1 if it is a negative permutation.
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2 m
0 0 0
0 0 1
0 1 m 0
0
B@
1
CA ð13ÞEq. (12) is identical to Leblond et al. (1999)s general equation (30) (with the notation 1
2p
Wðs0;sÞ
D2ðs;s0Þ instead of
Z(s0, s)), in the special case of a planar crack with coplanar extension (and zero crack advance at the point
s0).
The restriction da(s0) = 0 will now be removed by using a trick of Rice (1989). This trick consists of
decomposing an arbitrary motion of the crack front deﬁned by the normal advance da(s) into two steps:
(1) A translatory motion of displacement vector daðs0Þ~e2ðs0Þ. This motion brings the point s0 to its correct
ﬁnal position while leaving the crack front shape unchanged. The corresponding normal advance
d*a(s) is given, to ﬁrst order in da(s), by
daðsÞ ¼ daðs0Þ~e2ðs0Þ ~e2ðsÞ ð14Þ
The associated variation of K(s) will be denoted d*K(s).
(2) A motion with normal advance given by da(s)  d*a(s). This advance is zero at point s0 so that the
corresponding variation of K(s0) is given by Eq. (12), with da 0(s0)  d*a 0(s0) = da 0(s0) since
d*a
0(s0) = 0 by Eq. (14).
Adding up the contributions from these two motions, one gets the ﬁnal expression of the variation of the
SIFs under constant loading in the general case:dKðs0Þ ¼ dKðs0Þ þN  Kðs0Þda0ðs0Þ þ 1
2p
PV
Z
F
Wðs0; sÞ
D2ðs0; sÞ
 KðsÞ½daðsÞ  daðsÞds ð15Þ2.4. Variation of the fundamental kernels
The method of derivation of the ﬁrst-order formula for dW(s0, s1) consists of applying Eq. (12) to those
special loadings deﬁning the kernels, that is, pairs of opposite, unit point forces exerted on the crack faces
close to the crack front.
We ﬁrst make the assumption that the crack advance da is zero at points s0 and s1. We also deﬁne the
following CFWFs pertaining to the perturbed crack conﬁguration:
(1) kijðF; s0; s1; rÞ is the ith SIF at point s0 on the perturbed crack frontF when point forces equal to
~ej ðs1Þ are applied at a distance r* behind point s1 on this front in the direction of the vector ~e2ðs1Þ;
(2) kijðF; s0; s1; rÞ is deﬁned in the same way except that the forces are exerted at a distance r behind
point s1 in the direction of the vector ~e2ðs1Þ instead of ~e2ðs1Þ;
(3) kijðF; s0; s1; rÞ is deﬁned in the same way as kijðF; s0; s1; rÞ except that the forces are equal to ~ejðs1Þ
instead of ~ej ðs1Þ.
Suppose that forces equal to ~ejðs1Þ are applied at a distance r behind point s1 in the direction of the
vector ~e2ðs1Þ, and compare the ith resulting SIFs at point s0 in the initial and perturbed conﬁgurations
of the crack. Eq. (12) yields, in this speciﬁc case:kijðF; s0; s1; rÞ  kijðF; s0; s1; rÞ
¼ NimkmjðF; s0; s1; rÞda0ðs0Þ þ 1
2p
PV
Z
F
W imðs0; sÞ
D2ðs0; sÞ
kmjðF; s; s1; rÞdaðsÞds ð16Þ
2098 E. Favier et al. / International Journal of Solids and Structures 43 (2006) 2091–2109Now, by deﬁnition,dW ijðs0; s1Þ ¼ p
ﬃﬃﬃ
p
2
r
D2ðs0; s1Þ lim
r!0
kijðF; s0; s1; rÞﬃﬃﬃﬃ
r
p  lim
r!0
kijðF; s0; s1; rÞﬃﬃ
r
p
 
ð17ÞIn the ﬁrst limit here, kijðF; s0; s1; rÞ may be replaced by kijðF; s0; s1; rÞ since the error thus introduced on
the position of the point of application of the forces is of second order in the perturbation; thusdW ijðs0; s1Þ ¼ p
ﬃﬃﬃ
p
2
r
D2ðs0; s1Þ lim
r!0
kijðF; s0; s1; rÞ  kijðF; s0; s1; rÞﬃﬃ
r
p ð18ÞUsing now linearity with respect to the loading and Eq. (7) to express the kijðF; s0; s1; rÞ in terms of the
kijðF; s0; s1; rÞ, one gets after some manipulationsdW ijðs0; s1Þ ¼ p
ﬃﬃﬃ
p
2
r
D2ðs0; s1Þ lim
r!0
kijðF; s0; s1; rÞ  kijðF; s0; s1; rÞﬃﬃ
r
p
þ dj3W i2ðs0; s1Þ  dj2W i3ðs0; s1Þ
 
da0ðs1Þ ð19Þ
Inserting Eq. (16) in this result and taking the limit r! 0 in the same way as in Section 2.3, using in par-
ticular equation (11), one then obtainsdWðs0; s1Þ ¼ N Wðs0; s1Þda0ðs0Þ Wðs0; s1Þ Nda0ðs1Þ
þ D
2ðs0; s1Þ
2p
PV
Z
F
Wðs0; sÞ Wðs; s1Þ
D2ðs0; sÞD2ðs1; sÞ
daðsÞds ð20ÞIn order to ﬁnally get rid of the hypothesis da(s0) = da(s1) = 0, we use another trick of Rice (1989). This
trick consists of now decomposing an arbitrary motion of the crack front, deﬁned by the normal advance
da(s), into a motion corresponding to some advance d**a(s) and bringing points s0 and s1 to their correct
ﬁnal positions while leaving the kernels unchanged, plus a motion corresponding to the advance
da(s)  d**a(s), which is zero at s0 and s1. More speciﬁcally, one can always ﬁnd a combination of a trans-
latory motion, a rotation and a homothetical transformation bringing two distinct points s0, s1 from any
initial positions to any ﬁnal positions. (This is obvious using a complex variable formalism and noting that
such transformations are of the form f(z) = az + b, where a and b are arbitrary complex parameters.) Such
a combination does leave the kernels unaﬀected because they are independent of the position of the crack in
its plane, its orientation and its size. Application of Eq. (20) to the second motion then yields the ﬁnal
expression of the variation of the kernels under constant loading in the general case:dWðs0; s1Þ ¼ N Wðs0; s1Þ½da0ðs0Þ  da0ðs0Þ Wðs0; s1Þ N½da0ðs1Þ  da0ðs1Þ
þ D
2ðs0; s1Þ
2p
PV
Z
F
Wðs0; sÞ Wðs; s1Þ
D2ðs0; sÞD2ðs1; sÞ
½daðsÞ  daðsÞds ð21ÞNote that quantities d**a
0(s0) and d**a
0(s1) here are nonzero, unlike quantity d*a
0(s0) in Eq. (15). The for-
mula for the component dW11(s0, s1) is identical to that derived by Rice (1989).3. Numerical procedure
3.1. General hypotheses
Formula (15) provides the ﬁrst-order variation dK(s0) of K(s0) arising from some small coplanar pertur-
bation of the crack front under conditions of constant prescribed loading, provided that the variation
E. Favier et al. / International Journal of Solids and Structures 43 (2006) 2091–2109 2099d*K(s0) of K(s0) for a translatory motion of the crack front is known. Such is notably the case for a loading
consisting of uniform stresses applied at inﬁnity; indeed d*K(s0)  0 then. Attention is focused on this case
in the sequel, and more speciﬁcally on shear loadings, since tensile ones have already been considered by
Lazarus (2003).
Crack propagation is assumed to be coplanar, which is reasonable (for the shear loadings envisaged) if it
is channeled along some weak planar layer. Such is the case for geological faults and certain cracks in com-
posite materials. Propagation is assumed to be governed by the following Paris-type law:5 Som
the cra
shall coa
ot
ðs; tÞ ¼ C½Gðs; tÞb=2 ð22ÞIn this expression oa(s, t)/ot denotes the normal velocity of the crack front and Gðs; tÞ the local energy re-
lease rate, related to the SIFs through Irwins formulaGðs; tÞ ¼ KijKiðs; tÞKjðs; tÞ ð23Þ
Also, C and b are material parameters called the Paris constant and the Paris exponent, respectively. Paris
law is adequate for sub-critical crack growth and fatigue, ‘‘t’’ being re-interpreted as ‘‘number of cycles’’
and ‘‘G’’ as ‘‘DG’’ in the latter case. Following a remark of Lazarus (2003), it may also be considered, in
the case of very large Paris exponent, as a kind of ‘‘regularization’’ of Griﬃths propagation law for brittle
fracture, just as, for instance, Nortons viscoplastic ﬂow rule may be considered as a ‘‘viscoplastic regular-
ization’’ of the Prandtl–Reuss plastic ﬂow rule in the case of very large Norton exponent.
3.2. Lazarus numerical procedure and its adaptation to shear mode cracks
If K(s0) and W(s0, s1) are known for all points s0, s1 of some crack front, formula (15) (with d*K(s0)  0)
and (21) provide their values on any nearby front. Iterating the process, one can calculate them numerically
for any arbitrarily deformed crack front. This is the common basis of Bower and Ortiz (1990)s method for
computation of the evolution of tensile cracks, of Lazarus (2003)s variant of this method, and of the pres-
ent extension to shear mode cracks.
Each simulation consists of two successive steps:
(1) Determination of the SIFs and kernels for the initial crack front considered. This is done using the
incremental procedure just sketched, starting from a ‘‘reference’’ penny-shaped crack, for which they
are known (see Section 3.3 below), and using a systematic automatic procedure to generate a sequence
of successive crack front shapes ending up with that desired.
(2) Determination of the subsequent propagation path. The procedure is basically the same. However
successive crack front shapes are no longer arbitrary but deduced sequentially from one another
by using the propagation law (22) in the following time-discretized form:daðs; tiÞ ¼ damax Gðs; tiÞ
GmaxðtiÞ
 b=2
ð24ÞThe quantity damax here denotes the maximum crack advance imposed between consecutive steps, and
GmaxðtiÞ the maximum instantaneous value of the energy release rate along the crack front.5 (Inciden-
tally, Eq. (24) makes it clear why Paris propagation law ‘‘simulates’’ that of Griﬃth in the case of
very large exponent b; indeed in such a case da(s, ti) is nonzero only if Gðs; tiÞ is equal to GmaxðtiÞ).e information is lost in Eq. (24) with respect to Eq. (22), namely the instants corresponding to the successive conﬁgurations of
ck front. It is of course possible to calculate these instants, as was done by Lazarus (2003) in the case of tensile loadings, but we
oncentrate here on the sole sequence of successive crack front conﬁgurations and forget about the corresponding instants.
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sile loadings, as expounded by Lazarus (2003), and will not be repeated here. The only signiﬁcant diﬀerence
is that the procedure for shear loadings is notably heavier, due to the inevitable coupling of modes 2 and 3.
Advantage is however taken of the symmetry property (5), which relates W23(s, s
0) to W32(s 0, s) and thus
allows to compute and store only W23.
3.3. Initialization: stress intensity factors and fundamental kernels for a penny-shaped crack
The SIFs and kernels for a penny-shaped crack are needed as initial conditions for the numerical pro-
cedure just explained. Fig. 3 shows a top view of such a crack, of radius a. (An elliptic crack is also repre-
sented for future purposes.) We consider a global right-handed frame Oxyz with origin O at the centre of
the crack and axis Oz perpendicular to its plane, together with the associated polar angle h in the Oxy
plane. The curvilinear abscissa s  ah along the crack front is oriented in the same way as the polar angle
h. Fig. 3 also shows the local left-handed basis of vectors ð~e1;~e2ðsÞ;~e3ðsÞÞ (on the elliptic crack front for leg-
ibility), as deﬁned in Section 2.1.1. Note that with the convention adopted, the normal vectors~e1;~ez to the
crack plane are not equal but opposite, so that s~utðx; yÞ ~uðx; y; z ¼ 0Þ ~uðx; y; z ¼ 0þÞ. The loading con-
sists of some uniform shear stress rxz  s imposed at inﬁnity.
The SIFs and CFWFs for this geometry and loading were given by Tada et al. (1973) and Bueckner
(1987), respectively. With the sign conventions adopted, they read as follows:K2ðhÞ ¼  4
2 m s
ﬃﬃﬃ
a
p
r
cos h
K3ðhÞ ¼ 4ð1 mÞ
2 m s
ﬃﬃﬃ
a
p
r
sin h
8>>><
>>:
ð25Þ
W 22ðh1; h2Þ ¼ 2 cosðh1  h2Þ  3m
2 m
W 33ðh1; h2Þ ¼ 2ð1 mÞ cosðh1  h2Þ þ 3m
2 m
W 23ðh1; h2Þ ¼ 1
1 mW 32ðh2; h1Þ ¼
2 sinðh1  h2Þ
2 m
8>>>><
>>>:
ð26ÞFig. 3. Top views of penny-shaped and elliptic cracks.
E. Favier et al. / International Journal of Solids and Structures 43 (2006) 2091–2109 21014. Validation: calculation of shear mode stress intensity factors for an elliptic crack
In order to assess the accuracy of the numerical procedure proposed, we shall apply it to the calculation
of the SIFs along the front of some elliptic crack obtained through gradual deformation of an initially pen-
ny-shaped crack, and compare the results with the known analytic solution. This solution was provided by
Kassir and Sih (1966). For an elliptic crack of minor axis a, parallel to the Oy axis, and major axis b, par-
allel to the Ox axis (see Fig. 3), loaded through some uniform remote shear stress rxz  s, it reads as
follows:Fig. 4.K2ðhÞ ¼  a
2f ðk; mÞ cos h
ðsin2hþ a4cos2hÞ1=4ðsin2hþ a2cos2hÞ1=4
s
ﬃﬃﬃﬃﬃ
pa
p
K3ðhÞ ¼ ð1 mÞf ðk; mÞ sin hðsin2hþ a4cos2hÞ1=4ðsin2hþ a2cos2hÞ1=4
s
ﬃﬃﬃﬃﬃ
pa
p
8>><
>>:
ð27ÞIn these expressions h denotes the polar angle as above (not the angle of the classical parametric equations
of the ellipse, x ¼ b cos/, y ¼ a sin/); also, a, k and f(k,m) are deﬁned bya  a
b
; k 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 a2
p
; f ðk; mÞ  k
2
ðk2  mÞEðkÞ þ mð1 k2ÞKðkÞ ð28Þwhere K(k) and E(k) are the complete elliptic integrals of the ﬁrst and second kinds (Gradsteyn and Ryzhik,
1965).
Fig. 4 shows theoretical and numerical results for elliptic cracks of various shapes, for a Poissons ratio
of 0.25. The origin of the curvilinear abscissa here is taken at the right endpoint of the major axis. In the
numerical calculations, each ellipse is discretized with 200 points, and the maximum stepsize for each incre-
ment of deformation of the crack front is damax = 2.5 · 103a.
Table 1 also displays the mean errors E2, E3 deﬁned asEi  1L
Z L
0
ðKnumi ðsÞ  K theori ðsÞÞ2
4s2a=p
ds
( )1=2
ði ¼ 2; 3Þ ð29Þwhere L is the perimeter of the ellipse.(a) (b)
Shear mode SIFs along the front of various elliptic cracks—Lines: analytical formulae (27); discrete points: numerical results.
Table 1
Mean errors made in the numerical calculation of shear mode SIFs for elliptic cracks
a1 = 1.5 a1 = 3 a1 = 5
E2 5.7 · 104 8.7 · 103 4.6 · 102
E3 3.3 · 104 4.3 · 103 3.2 · 102
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errors of course increase with the eccentricity of the ellipse. Also, these errors are larger than those found by
Lazarus (2003) when performing similar calculations in mode 1. This can rationalized by the fact that more
calculations, introducing more inaccuracies, are required in mode 2 + 3: indeed for mode 1 two integrals
must be evaluated at each step (one for dK1 plus one for dW11), versus ten for mode 2 + 3 (two for each
dKi, i = 2,3, plus two for each dWij, (i, j) = (2,2), (3,3), (2,3)).
The errors in Fig. 4 and Table 1 are comparable to those made using the FEM for ellipses with large
eccentricities, and notably smaller for ellipses with moderate eccentricities. For instance Sukumar et al.
(2003), using the level set method coupled with the XFEM, reported a relative error of 2 · 102 in the cal-
culation of K1 for an elliptic crack with a
1 = 2. This is notably larger than the error reported in Table 1 for
mode 2 + 3, which is itself larger than that reported by Lazarus (2003) for mode 1.5. Application to simulation of propagation of shear mode cracks
5.1. Propagation of initially circular, elliptic, rectangular and heart-shaped cracks in fatigue and brittle
fracture
We have computed the successive shapes of initially circular, elliptic, rectangular and heart-shaped
cracks obeying the propagation law (22). The value of Poissons ratio used was m = 0.25, and that of Paris
exponent was b = 2 for fatigue and b = 50 (+1) for brittle fracture. The simulations were stopped when
the crack reached a stable shape. Figs. 5 and 6 show the successive crack conﬁgurations obtained. The
quantity a here denotes a typical dimension of the initial crack shape, the precise deﬁnition of which de-
pends on this shape and is conspicuous on the ﬁgures.
The diﬀerence between successive crack fronts in fatigue and brittle fracture clearly appears in these ﬁg-
ures. In fatigue, all points of the crack front move simultaneously. In brittle fracture, propagation occurs
only on some ‘‘active’’ part of the front. This active part starts from those points where the energy release
rate is initially maximum, and gradually extends over the crack front. The stable crack shape is reached as
soon as the whole front has become active.
The stable shape can be observed to be approximately elliptic in all cases; this question will be examined
in more detail in the next section. However, in the cases of initially rectangular and heart-shaped cracks,
which are numerically tricky because of the presence of angular points on the crack front, one can observe
some slight perturbation of the regular shape of the front in the vicinity of these points. This perturbation is
due to numerical errors, and therefore provides an appreciation of the accuracy of the method. It clearly
appears here that numerical errors accumulate and cannot be corrected for once they are made. This un-
happy feature of the numerical procedure of course arises from its incremental nature, and is in clear con-
trast with those of more classical procedures such as the FEM. It is a counterpart of the simplicity and
eﬃciency of the method.
It is also interesting to note that in the case of propagation of an initially heart-shaped crack in brittle
fracture (last diagram of Fig. 6), even when the crack front has reached its stable shape, it does not move
symmetrically with respect to its vertical axis of symmetry; the propagation rate is larger on its right part
than on its left one. The explanation of this apparent paradox is that in brittle fracture, the motion of the
Fig. 5. Successive crack fronts of shear mode cracks in fatigue (b = 2).
E. Favier et al. / International Journal of Solids and Structures 43 (2006) 2091–2109 2103crack front is not deﬁned in a unique way, because the distribution of the energy release rate along the crack
front is insensitive to global translational motions of this front; the simulation thus ‘‘selects’’ some possible
solution among the very many envisageable, in which the left and right parts of the crack front happen to
propagate at diﬀerent rates. The selection of this speciﬁc solution is governed by the initial crack front
shape, which is itself not symmetric. A subtle diﬀerence appears here between Griﬃths original propaga-
tion law and its ‘‘regularized’’ variant used here, that is Paris law with a very large exponent: Griﬃths law
implies some bifurcation, but this bifurcation is erased by the regularization, just as bifurcations occurring
in plasticity are erased by viscoplastic regularizations of the ﬂow rule.
5.2. Theoretical study of the stable shape of the crack front
The aim of this section is to show that the stable shape of the crack front is only approximately elliptic,
and also to derive an approximate, but accurate analytical formula for the ratio of the axes of this stable
shape based on the approximation that it is elliptic.
Let h# r0(h) denote the polar representation of the stable shape. Since this shape is preserved in time,
the polar representation of the crack front is of the form h# r(h, t)  k(t)r0(h) at each instant. For such a
propagation path, the normal velocity of the crack front is given byoa
ot
ðh; tÞ  or
ot
ðh; tÞ~erðh; tÞ ~e2ðh; tÞ ¼ k0ðtÞ r
2
0ðhÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r00
2ðhÞ þ r20ðhÞ
q ð30Þ
Fig. 6. Successive crack fronts of shear mode cracks in brittle fracture (b = 50).
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2
0ðhÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r00
2ðhÞ þ r20ðhÞ
q
0
B@
1
CA
2=b
ð31ÞNow, for an elliptic crack,rðhÞ ¼ aﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sin2hþ a2cos2h
p ð32Þ
and, by Eqs. (23) and (27)EGðhÞ
ð1 m2Þs2pa ¼ ½f ðk; mÞ
2 a4cos2hþ ð1 mÞsin2h
ðsin2hþ a4cos2hÞ1=2ðsin2hþ a2cos2hÞ1=2
ð33ÞEq. (31), with r0(h) given by an expression of type (32), and Eq. (33) stipulate diﬀerent types of dependence
of G upon h, whatever the value of Paris exponent b. Hence the stable shape cannot be elliptic.
However, it has already been noted upon inspection of Figs. 5 and 6 that the elliptic shape is a good
approximation to the true stable shape. Accepting this approximation, one can derive an again approxi-
mate but accurate formula for the ratio of the axes of the stable shape. Indeed, since this ratio does not
vary in time,ðoa=otÞðh ¼ p=2; tÞ
ðoa=otÞðh ¼ 0; tÞ ¼
a
b
ð34Þ
Fig. 7. Evolution of the ratio of the axes of the crack in fatigue (b = 2).
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ðoa=otÞðh ¼ 0; tÞ ¼
Gðh ¼ p=2; tÞ
Gðh ¼ 0; tÞ
 b=2
ð35ÞNow if the crack is nearly elliptic,Gðh ¼ p=2Þ
Gðh ¼ 0Þ  ð1 mÞ
b
a
ð36Þby Eq. (33). Combining Eqs. (34)–(36), one getsa
b
 ð1 mÞ bbþ2 ð37ÞThe special case where b = +1 (brittle fracture) was considered by Gao (1988), using a ﬁrst-order pertur-
bation approach based on the assumption of a nearly circular stable shape. He found that for this stable
shape,a
b
 1 2A; A  mð2 mÞ
2ð2 2m m2Þ ð38ÞThe deviation from a circular shape in this formula is proportional to A and therefore to m. Thus the per-
turbation approach is valid only provided that Poissons ratio is much smaller than unity, and only zeroth-
and ﬁrst-order terms in m must in fact be retained in formula (38).6 This formula then reduces toa
b
 1 m ð39Þand this agrees with Eq. (37) for b = +1.
Figs. 7 and 8 show the evolution of the ratio a/b as a function of Damax/a, Damax denoting the maximum
crack advance, for the various initial crack shapes envisaged, in both fatigue and brittle fracture. This ratiois point seems to have been overlooked by Gao (1988).
Fig. 8. Evolution of the ratio of the axes of the crack in brittle fracture (b = 50).
Table 2
Values of
jða=bÞnum  ða=bÞlimj
ða=bÞlim
in fatigue and brittle fracture
b = 2 (%) b = 50 (%)
Circular 0.3 0.7
Elliptic 4 2.8
Rectangular 1.3 4.8
Heart-shaped 6.8 11.6
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ment with the theoretical value provided by Eq. (37).
Table 2 allows to better appreciate the convergence of numerical values of a/b toward their theoretical
limit given by Eq. (37). It shows the relative gap between this theoretical limit value and that obtained
numerically after an maximum advance of 5a in the case of fatigue, and 4a in the case of brittle fracture.
It can be observed that convergence is slowest for the initially heart-shaped crack in both fatigue and brittle
fracture. The obvious explanation is that this is the initial crack shape that diﬀers most markedly from the
stable, quasi-elliptic crack shape. Also, the agreement between numerical and theoretical limit values of a/b
is better for b = 2 than for b = 50. This is again no surprise because for very large values of b, the local
propagation rate is very sensitive to the local value of the energy release rate, and this enhances the impact
of numerical errors.6. Summary and conclusion
This paper was devoted to numerical simulation of coplanar propagation (channeled along some weak
planar layer) of shear mode cracks with arbitrary contour. The crack was assumed to be embedded in some
inﬁnite body loaded through uniform remote stresses. Propagation laws pertaining to both brittle fracture
and fatigue were envisaged.
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tors resulting from a small but otherwise arbitrary coplanar perturbation of the crack front, under
conditions of constant prescribed loading. The expressions of these variations consisted of integrals
along the crack front involving some matrix ‘‘kernel’’ linked to the crack face weight functions, plus some
‘‘local’’ terms. The ﬁrst-order expressions of the variations of the components of this kernel were also
derived.
These results were then used to extend Lazarus (2003)s simpliﬁed variant of Bower and Ortiz (1990,
1991, 1993)s method for numerical simulation of coplanar propagation of mode 1 cracks to mixed-mode
(2 + 3) cracks. The propagation paths of initially circular, elliptic, rectangular and heart-shaped shear mode
cracks were studied in both fatigue and brittle fracture. These simulations evidenced the existence of some
almost elliptic stable crack front shape, toward which all the crack fronts considered were observed to
evolve. An approximate but accurate formula providing the ratio of the axes of this stable shape as a func-
tion of Poissons ratio and Paris exponent was ﬁnally derived.Appendix A. Justiﬁcation of formula (11)
The aim of this appendix is to calculate the limit in the left-hand side of Eq. (11) of the text.
It is recalled that the crack advance da in this formula is assumed to be zero at the point s0. Without any
loss of generality, we can assume that s0 = 0. Also, we split the integration domain (1,+1) into
[(1,g) [ (g,+1)] [ [g,g], g being an arbitrary positive number. This number is ﬁxed for the moment
but will go to zero at the end of the reasoning.
Consider the integral over (1,g) [ (g,+1) ﬁrst. For any ﬁxed s in this domain, the quantity
kjiðF; s; s0; rÞ=
ﬃﬃ
r
p  kjiðF; s; 0; rÞ=
ﬃﬃ
r
p
has a ﬁnite limit for r! 0 given by Eq. (3). Hencelim
r!0
1ﬃﬃ
r
p
Z
ð1;gÞ[ðg;þ1Þ
kjiðF; s; 0; rÞKmðsÞdaðsÞds ¼ 1p
ﬃﬃﬃ
2
p
r Z
ð1;gÞ[ðg;þ1Þ
W jiðs; 0Þ
D2ðs; 0Þ KmðsÞdaðsÞds ðA:1ÞNote that the term D2(s, 0) in the denominator here does not raise any problem of convergence of the inte-
gral since it never becomes zero in the domain (1,g) [ (g,+1).
Taking the limit of the integral over [g,g] is more diﬃcult because D2(s, 0) vanishes on this interval at
the point s0 = 0. Performing a ﬁrst-order Taylor expansion of the quantity Km(s)da(s) around this point in
this integral, one gets1ﬃﬃ
r
p
Z g
g
kjiðF; s; 0; rÞKmðsÞdaðsÞds
¼ Kmð0Þda0ð0Þ
Z g
g
kjiðF; s; 0; rÞﬃﬃ
r
p sdsþ
Z g
g
kjiðF; s; 0; rÞﬃﬃ
r
p Oðs2Þds ðA:2ÞNow in the special cases where the CFWFs are known explicitly, that is for a semi-inﬁnite crack (Gao and
Rice, 1986), a penny-shaped crack (Gao, 1988) and an external circular crack loaded in mode 1 (Gao and
Rice, 1987), the quantities kjiðF; s; 0; rÞ=
ﬃﬃ
r
p
are bounded by a constant times s2 for s! 0. Making the
reasonable assumption that this is true in general, we conclude that the integrand in the second term of
the right-hand side of Eq. (A.2) is O(1) for s! 0, so that this equation may be rewritten as1ﬃﬃ
r
p
Z g
g
kjiðF; s; 0; rÞKmðsÞdaðsÞds ¼ Kmð0Þda0ð0Þ
Z g
g
kjiðF; s; 0; rÞﬃﬃ
r
p sdsþOðgÞ ðA:3Þ
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positive homogeneity of degree 3/2 of the CFWFs and the change of variable s 0  s/r; we thus getZ g
g
kjiðF; s; 0; rÞﬃﬃ
r
p sds ¼
Z g=r
g=r
kjiðF=r; s0; 0; 1Þs0 ds0 ðA:4ÞThe kjiðF=r; s0; 0; 1Þ here represent the CFWFs at the observation point s 0, when unit point forces are ex-
erted on the crack faces at a distance of unity from the point s0 = 0 of the crack front F, this front being
‘‘dilated’’ by a factor of 1/r. In the limit r! 0, the curvature of this dilated front becomes zero, so that the
kjiðF=r; s0; 0; 1Þ become identical to the CFWFs of a half-plane crack. Also, the lower and upper bounds
±g/r of the integral go to ±1. Using the well-known expressions of the CFWFs for a half-plane crack
(Gao and Rice, 1986), one then getslim
r!0
Z g
g
kjiðF; s; 0; rÞﬃﬃ
r
p sds ¼
0 if ðj; iÞ ¼ ð2; 2Þ or ð3; 3Þﬃﬃﬃﬃﬃ
1
2p
r
4m
2 m if ðj; iÞ ¼ ð2; 3Þ or ð3; 2Þ
8<
: ðA:5ÞCombination of Eqs. (A.3) and (A.5) then yieldslim
r!0
1ﬃﬃ
r
p
Z g
g
kjiðF; s; 0; rÞKmðsÞdaðsÞds ¼
ﬃﬃﬃﬃﬃ
1
2p
r
4m
2 m ðdj2di3 þ dj3di2ÞKmð0Þda
0ð0Þ þOðgÞ ðA:6ÞCombining Eqs. (A.1) and (A.6), and then letting g go to zero, one ﬁnally gets Eq. (11) of the text (with
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